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^ ' Abstract 

. We show that the solutions describing charged rotating black holes in five- 

\ dimensional gauged supergravities found recently by Cvetic, Lii and Pope 012] 

' are completely specified by the mass, charges and angular momentum. The 

QQ . additional parameter appearing in these solutions is removed by a coordinate 

OO \ transformation and redefinition of parameters. Thus, the apparent hair in these 

' solutions is unphysical. 

o ■ 

O 1 Introduction 

I , The question of black hole uniqueness in higher dimensions has been attracting con- 

Q \ siderable attention since the discovery by Emparan and Reall [Hj of an asymptotically 

' fiat black ring in five dimensions. This is a solution with a regular event horizon of 

>• ■ topology S*^ X supported against collapse by angular momentum. Since there is 

^ . a rotating black hole which carries the same mass and angular momentum as this 

solution, this represents a breakdown of the usual no-hair behaviour: the solution is 
not uniquely determined by the asymptotic conserved charges. Studies of charged 
rings have uncovered further examples of non-uniqueness El EI • 

So far, all these examples involve discrete forms of non-uniqueness: the existence 
of some finite number of solutions with the same asymptotic charges. Although 
the classical solutions in jS] involved a continuous parameter, this parameter can be 
physically interpreted in terms of a local charge carried by the ring, so it will be 
quantized in the fundamental theory. Furthermore, bounds on this charge for the 
existence of a regular event horizon imply that these solutions give a finite number 
of solutions with given energy. This is consistent with the expectation that the 
fundamental quantum theory has a finite number of states of given energy in finite 
volume. We would expect that in general distinct classical solutions must correspond 
to different quantum states. 

* 0.F.Madden@durhani.ac.uk 
t S.F.Ross@durham.ac.uk 



J3 



1 



A new example with an apparent continuous non-uniqueness was recently found 
in PI 12] . They constructed solutions describing rotating charged black holes in five- 
dimensional gauged supergravity, with the two angular momentum parameters set 
equal. Studying first a case with a single U{1) gauge field P, they found solutions 
with four parameters: the mass, charge, angular momentum, and one additional 
parameter. In [2], they extended this to a f/(l)^ theory with independent charges and 
found a solution depending on six parameters. The solutions thus appeared to involve 
a continuous non-uniqueness, which initially appeared to have physical consequences. 
In light of the previous discussion, we want to understand the physical significance 
of this extra parameter, to see how the apparent contradiction with our expectation 
that there should be a finite number of solutions of given energy is resolved. In 
addition, these solutions appear to provide a first example of non-uniqueness involving 
black holes with a spherical horizon topology, so it would clearly be interesting to 
understand them in more detail. 

In this paper, we will show that the extra parameter in the solutions of ^1 12] 
is unphysical, representing a purely coordinate degree of freedom. In P, it was 
observed that if the charge Q vanished, the additional parameter could be removed 
by a coordinate transformation and redefinition of the other parameters. In the next 
section, we extend this to the case with Q ^ 0. We discuss the extremal limits in 
terms of these parameters, showing how the solutions of jHl E] are recovered in our 
parametrization, and briefiy discuss the reduction to other known solutions. We also 
discuss the possibility of discrete non-uniqueness, and show that although the relation 
between our parametrization of the solutions and the physical mass and charges is 
non-linear, there is only one black hole solution for given mass, angular momentum 
and charges. We present a similar argument for the solutions of j2] in sectional 

Thus, these solutions do not in fact present new examples of non- uniqueness. How- 
ever, as stressed in [T1I2], they do provide interesting testing grounds for the AdS/CFT 
correspondence, and generalise known solutions in interesting ways. (In particular, 
they provide non-extreme versions of the interesting supersymmetric asymptotically 
AdS solution found in p.) 



2 Charged Kerr-de Sitter Black Holes in five di- 
mensions 

We consider first the solution obtained in , describing a charged rotating black hole 
with a cosmological constant. The solution can be written in the simplest form by 
introducing the left-invariant one-forms on 5''^, 

cTi = cos ipdO + sin ip sin 6 d(j), (1) 

(72 = — sin tpd9 + cos ip sin Odcj), (2) 

(73 = dip + cosOdcp. (3) 

The solution then takes the form 

= -^dt^ + ^Ar^ + "^{<yl + <yl) + h\a, + m\ (4) 
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_J_ 



(a/3 



2M + Q Q' 



(5) 

(6) 
(7) 



2XJ\M + Q)+ 2(1 - \p.ff{M + Q)- 2g(l - \(3.f) 

X/3JYQ^ + J'[XQ' + 2(M + g)]} . (8) 

This is a solution of minimal gauged five- dimensional supergravity. It appears to 
depend on four parameters, (M, J,Q,i3). The first three can be related to the mass, 
angular momentum and charge, but the physical interpretation of the fourth is ob- 
scure: we will show that this solution can in fact be written in terms of only three 
parameters. 

The first step is to transform to a frame in which the metric is non-rotating at 
infinity, so that it approaches the usual diagonal form of the AdS metric at large 
distances, by making the shift 



We then have 



5-3 = as + 2X(3Jdt. 



A 



[1 - Xf3J^)dt - i Jas 



where 



J_ 

262 



2{M + Q){1- XpJ^) -Q Q\l-XpJ^ 



It is convenient to exchange (3 for a new parameter 5 (as in [TUj l 

5= {I- Xp.P). 
We then see that the gauge field becomes 



(9) 

(10) 
(11) 

(12) 
(13) 
(14) 



so the physical gauge charge is related to 5Q. We also see that / involves the param- 
eters only in the combinations J5{M + g), 5Q and JQ. This suggests that we define 
the following new parameters: 



q = Q5, 
p = S\M + Q), 
J 

' = 5. 



(15) 
(16) 



We then find that the solution depends only on the three parameters {q,j,p), and 
has no remaining dependence on 6: 

= -^d(' + -idr^ + ^(af + + t^fe + /di)^ (17) 



where 



W = l-Ar2-l(2Afp + 2p-2g) + -3j[g2+f (Ag2 + 2p)]. (21) 

It is perhaps worth noting that this expression for W can be rewritten as 

W = 1- AXh'' - ^{2p - 2q) + -3j(g2 + 2pf). (22) 

Thus, we see that the solution actually only depends on three parameters, cor- 
responding to the three conserved quantities {M,Q,J). The relation of two of the 
parameters to these conserved quantities is fairly direct: from the form of the gauge 
potential, we see that 

Q = q. (23) 

The angular momentum J can be calculated using the Komar integral technique and 
is given by 

J = ^j{2p-q), (24) 

so j is analogous to the angular momentum per unit mass parameter a in the usual 
Kerr solution. 

The remaining parameter p is related to the freedom to specify the mass, but in 
a less simple way. We can define a thermodynamic mass as in by insisting that 
it satisfy the first law of thermodynamics for charged rotating black holes, 

dM = TdS + 2fiHdJ + $i^dg, (25) 

where is the co-rotating electric potential evaluated on the horizon. This gives 
the mass 

M =^{3p-3q- Xpf). (26) 

Note that although this looks like a linear relation, if we solve (j24j) for j in terms of 
J, ()26p will become a cubic equation for p in terms of M. 

The reduction of this solution to previously known metrics was discussed at length 
in PJ. We will briefly revisit this issue to illuminate our parametrization of the 
solution. Considering first the known BPS solutions, we note that the form above 
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reduces to the solution in jH] if we set p = (after a redefinition of the radial 
coordinate, ^ — g), so this choice of parameters is well-adapted to this limit, 
while recovering the solution of [H] requires a more complicated choice: To recover 
their solution, we write A = — and set 

1 = (i + (27) 

P = + Rl, (28) 

dRl I R' Y' , , 

From the results of P , we see that for this choice of parameters, the solution has a 
degenerate horizon (a double root of = 0) at r = Rq. The condition that 1^ = 
have a double root at r = i?o in general implies 

2Xfp + 2p-2q = 2Rl - 3\R^ (30) 

and 

q'+f{\q' + 2p) = R^-2\Rl. (31) 

Since these are two conditions on the three parameters {q,p,j), there is a family of 
solutions with degenerate horizons with one extra parameter, generalising the solution 
found in [Hj. However, from the analysis in [Hj, we expect that only the solution found 
there is BPS. 

The other simple special cases are when j = 0, g = or A = 0. When j = 0, if we 
set p = m + q, the solution reduces to the RNAdS black hole studied in [12] . When 
g = 0, if we set 

^ = -^'' ^■ = "' ^ = (1 - a2F)3 (32) 

the solution reduces to a special case of the five- dimensional Kerr-AdS metric obtained 
in ^3], where the two angular momentum parameters are equal, a = b. Relating the 
form of the metric used in jTHj to (|T7jl requires a shift of the angular coordinate 
to make the metric in asymptotically diagonal and a redefinition of the radial 
coordinate, —^r^-\-a^. When A = 0, the solution is related to a special case of the 
general solution obtained in jT3] where the two angular momentum parameters are 
equal, h = h = I, and the three charge parameters are equal, 6e = 6ei = Se2- The 
relation between the parameters is 



q 



msinh25e, j = le p = me^^" . (33) 



Relating the metric in ^1] to (jl7j) again requires a redefinition of the radial coordinate, 
— i> + /2 + 2m sinh^ 5^. 

As discussed in jj, the physically interesting solutions are those with a regular 
event horizon and no closed timelike curves outside the horizon. That is, we want to 
consider parameter values for which there is some r+ such that W{r^) = 0, W'{r^) > 
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(so that r+ is the outer event horizon) and b'^{r^) > 0. Written exphcitly in terms 
of our parameters, these conditions are 



4(1 - AXbl) - 2rl{p -q) + q^ + 2pf = 0, 



(34) 



where we have introduced the notation 6^ = 6(r+)^, 

- Xrl + 2rl{\fp + p-q)-2[q^+ f{\q^ + 2p)] > 0, 



(35) 



and 



(36) 



These conditions will impose some constraints on the values of {p, j, q) . For example, 
the requirement that ()34|1 have a real positive root for implies that 



Unfortunately, although our coordinate transformation and redefinition of parame- 
ters simplifies the functions somewhat, it is still difficult to analyse the full set of 
constraints. 

An alternative approach is to use the above relations to replace the parameters j 
and p in the metric by r+ and fe^, thereby automatically incorporating the constraint 
6^(r+) > for the absence of naked closed timelike curves. We can easily determine 
the relation between j and 6+, 



and substituting this into then gives a quadratic equation to solve for p, deter- 
mining it in terms of r_|_, and q. The resulting form of the metric is, unfortunately, 
rather messy and unenlightening, and it would still be necessary to somehow incor- 
porate the constraint that W^'(r+) > 0, which will restrict the possible values of r_|_ 
and h+ for given q. 

So far we have discussed continuous non-uniqueness. We should also consider 
the possibility of discrete non-uniqueness^. As noted previously, ()26|) gives a cubic 
equation for p as a function of the physical parameters M, J, Q, so it is possible that 
we will have more than one black hole solution for a given mass and charge. If we 
define the dimensionless quantities 




(37) 




rX{^bl-rl) 
{2pr\ — g2) 
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X{2p-q), M= —M, 

71 

— J, Q = XQ 



(39) 



TT 



then ^ tells us 



J 



(40) 




We thank the referee for raising this issue. 
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and substituting this into (^Bj) gives 



7=^ - (2M + 3Qh^ + + = 0. (41) 

This is a cubic equation in 7 so for each (M, J, Q) there are possibly three different 
solutions. However, for a solution to correspond to a black hole, W{r^) = must have 
at least one positive real root, at which 6^(r_|.) > 0. We performed a numerical analysis 
to check whether there are values of (M, J, Q) for which more than one of the roots of 
fl41|) satisfy these conditions. We found that at most one root of ()41|) has a black hole 
interpretation, thus ruling out any discrete non-uniqueness. A representative plot is 
shown in figure 1. 




Figure 1: Plot showing the parameters for which we have one black hole solution 
(shaded region) and for which we have no solutions with horizons (white region) for 

g = +i. 



3 U(l? case 



In a further paper j2] , the previous solution was generalised to a class of non-extremal 
charged rotating black hole solutions in the five dimensional U{1)^ gauged theory of 
M = 2 supergravity coupled to two vector multiplets. This theory now has three 



gauge fields 
written as 

A' 



1, 2, 3, and two scalars ipi, Lp2- The solutions they obtain can be 



RY 



h 



-dr + 



dr^ + 



4i?2 



2^dt)2 
Ji 



SiCidt - -l{ciSjSk - SiCjCk)a3 



(42) 
(43) 
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X3, e^^2 = ^ 



X2 



where 



X,; 



, 2 = 1,2,3 



s,- and c,- are shorthand for 



Si = sinh(5j, Cj = cosh^j 



(44) 

(45) 
(46) 

(47) 



and 



/i 

/2 
/3 



2(nc.-n^^)n^.-E^^ 



7/Ai?=^ + /i/(n Q - n ^i)'^' + /"'^ n 



r2 + /i/2 



(48) 
(49) 



-A(1+7¥A)^¥ 



+ 2A7/i2/2-Qs. 



r = /3_ A(l + 7"/^A)i?^ + r*-/ir 



(50) 



This solution seems to depend on six non-trivial parameters (/i, 61, 62, S3, 1, •y). Our 
aim is to show that this depends on only five independent parameters. Again we begin 
by moving to coordinates in which the metric is asymptotically diagonal by setting 



C3 = cr-s + 2'jlXdt. 



We then have 
ds' = 
A' = 

where 



RY 



(51) 



(52) 



r^if l^'^*^* ^"^^ {ciSjSk - SiCjCk)]dt + -l{ciSjSk - SiCjCkja^ \ , (53) 



fi = f2- 7^A/i 



(54) 



2,2 



—•ylXfi I 



2(n^^-n^^)n^.-E^^ 



i<j 
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The radial coordinate used here is different from that used in the previous case: the 
singularity in this metric will occur at = — /is^, where 5i is the smallest of the 
charge parameters, and not at r = as before. We are therefore motivated to make 
a change of radial coordinate to a new radial coordinate p, 



P 



(55) 



With this new choice of radial coordinate, 



R 



where 



R = pHI[hX\ k, 



, , Pis^^ - S]) + P{sj - si) 

i H 

3p2 



(56) 



(57) 



so the scalar fields, which are determined by the Xi, depend on the parameters only 
through the combinations fi{s] — s|). 

As in the previous case, we will find suitable parameters by examining the gauge 
fields and the function /2 appearing in the asymptotic form of the metric. We are 
thereby led to define the five independent parameters 



L 

r 



Vp 



y/p{CiSjSk - SiCjCk) 



(58) 
(59) 
(60) 



This may seem an awkward definition, but the in particular have several nice 
properties: 



Pist - s ) 



(61) 



so the combinations yu(sf — s|) appearing in the Hi, and hence in the scalar fields, 
can be written as {rf — r|). Also, 



P 



SiCi + 'yXP{ciSjSk - SiCjCk) = rjrk - Tr^ 



so the gauge fields can be written as 



, Lri _ 
at + „ - (73. 



Finally, the metric in the new coordinates is 

= _^dt2 + ^dp^ + \R{al + al) + A(^3 _ 2hdt)\ 



(62) 



(63) 



/i 



Y 



fi 



(64) 
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and after a certain amount of calculation, it is possible to rewrite /i, /2 and Y as 



/i 

h 

Y 



(65) 
(66) 



1 



~ 2rrir2r3 



2\2 



2^ ' 



(67) 



The solution therefore depends only on five independent parameters, and a metric 
will be uniquely fixed by specifying the mass, angular momentum and three gauge 
charges. That is, this case is qualitatively the same as in the previous section. A 
useful consistency check is that when the three charges are equal, this reduces to the 
previous metric on setting 



1 



(2p-g), 



2p 



(68) 



We have not considered the relation of these parameters to the physical mass, 
angular momentum and charges, so there is still the possibility of some discrete non- 
uniqueness in this case, but we doubt this possibility is realised in practice. 
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